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Abstract
Many rank 2 sharp groups have a normal elementary abelian subgroup whose action can be constructed
from a two-weight linear code. The sharp groups of this kind are characterized using a correspondence
between these two-weight codes and maximal arcs in a projective geometry. A description of those rank 2
sharp groups which occur as subgroups of an affine linear group is also given. These sharp groups are either
geometric or have a normal elementary abelian subgroup corresponding to a two-weight linear code which
in turn corresponds to the complement of a hyperplane in a projective geometry.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Let G be a permutation group acting on a finite set Ω of size n and A ⊆ {0, 1, . . . , n−1}. For
g ∈ G, let Fix(g) be the set of fixed points of g. Then we say G is of type (A, n) if |Fix(g)| ∈ A
for every 1 6= g ∈ G. Blichfeldt [1] proved the following result.
Theorem 1. Let G be a group of type (A, n). Then
|G| ≤
∏
a∈A
(n − a).
We then define a group of type (A, n) with equality above to be (A, n)-sharp. The rank of a
sharp group is |A|.
A special case of sharp groups is the geometric groups. A transitive permutation group G
acting on a set Ω is geometric if the pointwise stabilizer of any subset of Ω is transitive on the
set of points that it does not fix (if there are any). It is easy to prove that a geometric group of
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type (A, n) is (A, n)-sharp. The geometric groups have already been classified by Zil’ber [15]
for |A| > 6 and for the remaining possibilities by Maund [14].
For sharp groups in general there is relatively little which is known. It can be easily shown
that a group is ({0, . . . , r − 1}, n)-sharp, for r < n if and only if G is sharply r -transitive. The
(A, n)-sharp groups with A = {2}, {3} or {0, 2} were classified by Iwahori [13] and the (A, n)-
sharp groups with A = {l, l+2}, {l, l+3} or {l, l+1, . . . , l+r−1} for r, l ∈ N and r ≥ 2, were
classified by Ito and Kiyota [12]. More recently Franchi [7–9] has classified the ({a}, n)-sharp
groups with 1 ≤ a < n.
In this article we will concentrate on the case when A = {0, a}, for some a ≥ 2. The case
of primitive ({0, a}, n)-sharp groups has been almost completely classified by Brozovic [2,3].
However, without the assumption of primitivity, a complete classification of such sharp groups
seems rather difficult owing to the large number of examples. So it is reasonable to concentrate
on particular interesting subclasses and attempt to characterize them. As already mentioned,
one such subclass has already been classified, namely the geometric groups. These groups act
naturally on a matroid formed by the set of bases of the group. For a full explanation of these
terms see [5].
Here we will consider rank 2 sharp groups acting on a different kind of geometrical structure.
In particular we consider sharp groups with a system of blocks of size q , a prime power,
such that the subgroup stabilizing each of these blocks setwise contains an elementary abelian
subgroup which is normal in the whole group. Suppose furthermore that this elementary abelian
subgroup acts regularly in its induced action on each block. In this situation we are then able to
construct, by reversing a construction of Cameron [6], a linear code whose non-trivial codewords
have only two different weights. In [4] Calderbank and Kantor describe a correspondence
between two-weight linear codes and particular subsets of finite projective geometries. Using
this correspondence we will be able to describe which two-weight codes arise from sharp groups
in this way (see Theorem 3). Furthermore, for any subset of the projective geometry which
is the complement of a hyperplane, we can find examples of ({0, qk−1}, qk)-sharp subgroups
in AGL(k, q) corresponding under the construction above to this subset and which are not
geometric.
Although the hypothesis of Theorem 3 seems rather special, the ({0, a}, n)-sharp groups of
this kind account for a large class of the non-geometric ({0, a}, n)-sharp groups. Indeed amongst
the ({0, a}, n)-sharp groups of degree at most 30, there are only six which are neither geometric
nor have an elementary abelian normal subgroup corresponding to a two-weight linear code.
In the final section we show that a ({0, qk−1}, qk)-sharp subgroup of AGL(k, q) is either
geometric or of the type occurring in conclusion (a) of Theorem 3.
2. Groups and codes
In this section we give the definitions and notation for the linear coding theory which we will
require, and describe in detail how a linear code yields an elementary abelian group with the
particular kind of action which arises in sharp groups.
Definition 2.1. A linear [m, k]-code C over GF(q) is a subspace of dimension k of a vector
space of dimension m over GF(q) with a given fixed basis. The codewords of the code are then
the coordinate vectors for the vectors in this subspace with respect to the fixed basis. The weight
of a codeword is the number of non-zero entries. A two-weight code is a code in which every
non-zero codeword has one of two given weights.
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Let C be a [m, k]-linear code over GF(q) with weights W . We now describe a construction
of Cameron [6] of an elementary abelian group isomorphic to the additive group of the code with
a particular action on a set of mq points with blocks of size q.
Let R = R1 × · · · × Rm , where Ri is a group isomorphic to the additive subgroup of GF(q),
for each 1 ≤ i ≤ m. Define an action of R on the set {1, . . . ,mq} by letting each Ri operate
regularly on the set {(i − 1)q + 1, . . . , iq} and trivially elsewhere. For each 1 ≤ i ≤ m, let φi
be an isomorphism of (GF(q),+) onto Ri and for each codeword c = (c1, . . . , cm) ∈ C , let
gc := (φ1(c1), . . . , φm(cm)) ∈ R. Then the set
G(C) := {gc | c ∈ C}
is a subgroup of R of type (W ,mq), where W := {(m − w)q | w ∈ W }, and is isomorphic to
the code considered as an additive group. In particular, if C is an [m, k]-linear code with weights
w1 = m and w2, then G(C) is of type ({0, (m − w2)q},mq).
Example 2.2. Let C be the GF(2)-linear [4, 3]-code with generating codewords
(1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1).
Using the construction above gives the following elementary abelian group:
G(C) := 〈(1, 2)(3, 4), (1, 2)(5, 6), (1, 2)(7, 8)〉.
Let R = 〈(1, 3, 5, 7)(2, 4, 6, 8)〉, which acts regularly of the system of blocks {{1, 2}, {3, 4}, {5,
6}, {7, 8}}. Then G = G(C)R is a ({0, 4}, 8)-sharp group.
Definition 2.3. Let C1,C2 be GF(q)-linear codes of the same length m. Then C1 and C2 are
equivalent if there is a permutation pi ∈ Sym(m) such that for every c = (c1, . . . , cm) ∈ C1,
cpi := (c1pi , . . . , cmpi ) ∈ C2. If C1 = C2 we call pi a automorphism of C1 and denote the group
of all such automorphisms by Aut(C1).
3. Codes and projective geometry
In this section we define the concepts from finite projective geometry which we will need and
describe the correspondence between linear two-weight codes and projective sets. We then prove
the main theorem which describes the two-weight linear codes which can occur as the codes
corresponding to elementary abelian normal subgroups of ({0, a}, n)-sharp groups.
Definition 3.1. Let AG(k, q) (respectively PG(k, q)) be the affine (respectively projective)
geometries of dimension k over the finite field of size q.
Definition 3.2. Let q be a prime power. A projective-(m, k, x1, x2) set is a set of m points O in
PG(k − 1, q) such that every hyperplane of PG(k − 1, q) meets O in exactly x1 or x2 points
and the points of O do not all lie in a single hyperplane of PG(k − 1, q).
We now describe the correspondence between linear two-weight codes and projective sets as
given by Calderbank and Kantor [4].
Let C be a two-weight linear [m, k]-code over GF(q) with weights w1 and w2. Then there
exist linear maps fi : GF(q)k → GF(q) such that
C = {( f1(x), . . . , fm(x)) | x ∈ GF(q)k}.
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Let B(x, y) be a non-singular bilinear form on GF(q)k . Then there exist vectors y1, . . . , ym ∈
GF(q)k such that fi (x) = B(x, yi ) for all 1 ≤ i ≤ m. Then
C = {(B(x, y1), . . . , B(x, ym)) | x ∈ GF(q)k} (1)
and y1, . . . , ym span GF(q)k , because C is k-dimensional. If y1, . . . , ym are pairwise linearly
independent we say that C is projective. In this case the number of yi which lie on the hyperplane
x⊥, for x ∈ GF(q)k , is precisely the number of zero entries in the codeword ( f1(x), . . . , fm(x)).
Therefore {〈yi 〉 | 1 ≤ i ≤ m} is a projective-(m, k,m − w1,m − w2)-set. Conversely, given
a projective-(m, k,m − w1,m − w2)-set that spans PG(k − 1, q) we can find representatives
y1, . . . , ym in AG(k, q) for its projective points and then construct a two-weight linear projective
code using (1). This yields the following result.
Lemma 3.3 (Calderbank, Kantor [4]). There is a one-to-one correspondence between two-
weight linear projective [m, k]-codes with weights w1 and w2 and projective (m, k,m−w1,m−
w2)-sets that span PG(k − 1, q).
Using the linearity of the code it is then easy to show the following.
Lemma 3.4. Every automorphism of a two-weight linear projective code induces an element in
PGL(k, q) leaving the corresponding projective set invariant and vice versa. Furthermore, if
the automorphism group of the code is transitive, then the induced group of automorphisms of
the corresponding projective set in PGL(k, q) is transitive.
We now give some more definitions from projective geometry. An (m; r)-arc is a set O of
m points in PG(2, q) such that any line of PG(2, q) meets at most r points of O. If we fix a
point x of O then any line through x has at most r − 1 points in O not including x . Therefore
m ≤ (r−1)(q+1)+1 because there are precisely q+1 lines in PG(2, q) through x . An (m; r)-
arc for which m = (r − 1)(q + 1) + 1 is known as a maximal (m; r)-arc. This terminology is
somewhat confusing because a set of points of PG(2, q) which is maximal amongst (m; r)-arcs
does not necessarily meet this bound. However, this definition is in widespread use so we will
continue with it here. In [10], which we will cite later, a maximal (m; r)-arc is called trivial if it
consists of a single point or the complement of a line. A set of points of PG(2, q) which meets
every line in exactly zero or two points (that is a maximal (m; 2)-arc) is called an oval. Some
writers prefer the term hyperoval. The dual of an (m; r)-arc O is the set of lines not meeting
O. It is easily computed (see Lemma 12.13 of [11]) that the dual of a maximal (m; r)-arc has
q(q − r + 1)/r lines and each point of PG(2, q) lies on exactly 0 or q/r of these lines. Thus
the dual of a maximal (m; r)-arc is a maximal (q(q − r + 1)/r; q/r)-arc in the dual projective
plane. Notice that a projective-(m, 3, 0, r) set is a maximal (m; r)-arc. The projective group of
an (m; r)-arc O is the subgroup of PGL(2, q) which stabilizes O setwise and the collineation
group is the subgroup of PΓ L(2, q) which stabilizes O setwise.
Lemma 3.5. Let O be a projective (m, k, 0, r)-set for k ≥ 4. Then O is the complement of a
hyperplane of PG(k − 1, q).
Proof. Let H be a hyperplane of PG(k − 1, q) containing r points ofO and let L be a subspace
of H of projective dimension k − 3 which contains s ≥ 1 points of O. Then L is contained
in q + 1 hyperplanes of PG(k − 1, q) each of which meets exactly r points of O. Since each
pair of such hyperplanes intersects precisely in L we have m = (r − s)(q + 1) + s. Therefore
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s = (r(q + 1) − m)/q depends only on the parameters of O, and so every subspace of H of
dimension k−3 contains exactly 0 or s points ofO. Thus H ∩O is a projective (r, k−1, 0, s)-set
in H .
We can now show inductively thatO is the complement of a hyperplane of PG(k−1, q). For
if H ∩ O is the complement of a subspace of projective dimension k − 3 in H , then s = qk−3
and r = qk−2. Hence m = qk−1 and O must be the complement of a hyperplane.
It remains to prove the result for k = 4. In this case H ∩ O is a projective (r, 3, 0, s)-set in
H . Thus r = sq − q + s. Furthermore by Corollary 5.5 of [4] r and s are powers of the prime
p which divides q and s ≤ q . Suppose that q = pa and s = pb for some 1 ≤ b ≤ a. Then
r = pb(pa − pa−b + 1), which can only be a power of p if a = b. Then s = q, r = q2, m = q3
and again O is the complement of a hyperplane. 
In the proof of the main theorem we require the following result classifying maximal arcs with
a transitive collineation group. For the definition of regular ovals and translation ovals see [11].
In particular, a description of the Lunelli–Sce oval which appears in the next theorem is given in
the proof of Theorem 8.34 of [11].
Theorem 2 (Hamilton, Penttila [10, Theorem 4.2]). Let O be a non-trivial maximal arc in
PG(2, q) such that the collineation group of O is transitive on the points of O; then O is
isomorphic to one of the following:
(a) a regular oval in PG(2, 2) or PG(2, 4) or the Lunelli–Sce oval in PG(2, 16),
(b) the dual of a translation oval in PG(2, q) for any even q > 2.
Theorem 3. Let 1 ≤ a < n and G be a ({0, a}, n)-sharp group which has a system of blocks B of
size q, a prime power, such that the group stabilizing every block setwise contains an elementary
abelian normal subgroup E = G(C) for some GF(q)-linear projective [n/q, k]-code C with
weights n/q and (n − a)/q. Let O be the projective-(n/q, k, 0, a/q) set corresponding to C as
in Lemma 3.3. Then one of the following holds:
(a) n = qk, a = qk−1 and O is the complement of a hyperplane in PG(k − 1, q),
(b) n = 24, a = 8, q = 4, k = 3 and O is the regular oval in PG(2, 4), or
(c) n = 288, a = 32, q = 16, k = 3 and O is the Lunelli–Sce oval in PG(2, 16).
Proof. Since G is a ({0, a}, n)-sharp group, it is transitive. Therefore G acts transitively on B
and so induces a transitive group of automorphisms of the code C . Therefore by Lemma 3.4 the
projective group of O is transitive on O. If k ≥ 4, then by Lemma 3.5, case (a) holds. If k = 3,
then O is a maximal arc in PG(2, q). So O is either the complement of a hyperplane or is one
of the maximal arcs in the conclusion of Theorem 2. In particular, if O is a oval, then (b) or (c)
holds (note that the regular oval in PG(2, 2) is a complement of a line).
It remains to rule out the possibility that O is a dual of a translation oval in PG(2, q). If
q = 4, then O is the regular oval in PG(2, 4) (see Lemma 8.21 of [11]), so we may assume that
q is even with q > 4. A dual oval has m = rq − q + r points, where q = 2b and r = 2b−1, for
some b > 2. Therefore G has order mq(mq−rq) = 24b−1(2b−1)(2b−1−1). By Corollary 8.27
of [11] the projective group of O is isomorphic to AGL(1, q) which has order 2b(2b − 1). Since
b ≥ 3, 2b−1 − 1 is coprime to 2b(2b − 1) and so there is a non-trivial element g ∈ G of order
dividing 2b−1− 1 whose induced action onO is trivial. Since the action of E on each block of B
is regular and g 6∈ E , g must have exactly a = 22b−1 fixed points because G is of type ({0, a}, n).
Moreover, every non-trivial orbit of g has the same length and the lengths of these orbits divide
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2b−1 − 1. So g has at least two fixed points on each block, but a = 22b−1 < 2b(2b − 1) = 2m, a
contradiction. 
There are ({0, a}, n)-sharp groups of all the types occurring in the conclusion of Theorem 3.
We give a characterization of the sharp groups occurring in case (a) of Theorem 3 in the next
section. The regular oval in PG(2, 4) gives rise to exactly two ({0, 8}, 24)-sharp groups, up to
isomorphism. This is because the collineation group of O is isomorphic to Sym(6) which has
two conjugacy classes of regular subgroups of order 6. Explicit constructions of these groups
are given by the groups TransitiveGroup(24, x) with x = 1166 or 1179 in the GAP library of
transitive groups of small degree. In the case of the Lunelli–Sce oval the automorphism group is
isomorphic to Z2 × AGL(1, 9), which has a unique subgroup of order 18 acting regularly on O
and can be used to construct a ({0, 32}, 288)-sharp group.
4. Sharp groups as subgroups of AGL(k, q)
In this section we show that ({0, qk−1}, qk)-sharp subgroups of AGL(k, q) are either
geometric or of the kind arising in Theorem 3(a). Let p be the prime dividing q. Then for a
group H , Op(H) will denote the largest normal p-subgroup of H .
Theorem 4. Let H = AGL(k, q) (k ≥ 2) acting naturally on V := AG(k, q). Let R be the
regular normal subgroup of H and H0 be the stabilizer in H of the zero vector in V . Suppose
G ≤ H is a ({0, qk−1}, qk)-sharp group and let G0 = G ∩ H0. Then either
(a) CV (G0) is a hyperplane and G is geometric, or
(b) [V,G0] is a 1-dimensional subspace of V and E := Op(G0)[R,G0] (for p the prime
dividing q) is an elementary abelian normal subgroup of G induced by a GF(q)-linear two-
weight [qk−1, k]-code whose corresponding projective set is the complement of a hyperplane
in PG(k − 1, q).
In either case G0 is a Frobenius group with elementary abelian kernel of order qk−1 and
complement cyclic of order q − 1.
Proof. Note that any element of G0 fixes a hyperplane of V . Furthermore if a is a p-element
of G0, then [V, a] ≤ CV (a), and if c is a p′-element (that is of order coprime to p), then
V = [V, c] ⊕ CV (c). We first show that
if a, b ∈ G0 such that CV (a) 6= CV (b), then [V, ba] = [V, a]. (2)
If CV (a) 6= CV (b), then V = CV (a)+ CV (b) = CV (ba)+ CV (b). Hence
[V, ba] = [CV (b), ba] = [CV (b), a] + [CV (b), b]a = [CV (b), a] = [V, a].
We now show that any pair of p-elements in G0 commute. Let a and b be p-elements in
G0. Then by the Three-Subgroups Lemma it is enough to show that [V, a, b] = [V, b, a] = 0.
Since [V, a] ≤ CV (a) and [V, b] ≤ CV (b), this follows immediately if CV (a) = CV (b). If
CV (a) 6= CV (b) then by (2) [V, ba] = [V, a]. Therefore [V, ba, a] = 0 and it follows that
[V, b, a]a = [[V, a] + [V, b]a, a] = [V, ba, a] = 0.
Thus [V, b, a] = 0 and by a symmetrical argument [V, a, b] = 0.
Therefore Op(G0) is a Sylow p-subgroup of G0 and is elementary abelian. As G is a
({0, qk−1}, qk)-sharp group, |G0| = qk−1(q − 1) and so the order of Op(G0) is qk−1.
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Now suppose that a is a p-element and c is a p′-element of G0. We claim that either CV (a) =
CV (c) or [V, a] = [V, c]. So suppose that CV (a) 6= CV (c). Then by (2) [V, ac] = [V, c].
Therefore ac and c both centralize V/[V, c] and so [V, a] = [V, c] as claimed.
Suppose that [V, a] = [V, c] and CV (b) = CV (c) for a p′-element c and p-elements a
and b in G0. Since [V, c] ∩ CV (c) = 0 we have [V, a, b] 6= 0, but since [V, a] and [V, b]
are 1-dimensional subspaces of V and a and b commute we have [V, a] = [V, a, b] = [V, b],
which contradicts [V, b, b] = 0. Thus for a fixed p′-element c, either CV (c) = CV (a) for
every a ∈ Op(G0), or [V, a] = [V, c] for every a ∈ Op(G0). It follows that either CV (G0)
is a hyperplane of V or [V,G0] is a one-dimensional subspace of V . The last statement of the
theorem also follows immediately.
In the first case above, G is geometric because every point stabilizer is conjugate to G0. So we
need only consider the case where [V,G0] is a 1-dimensional subspace of V . Note thatG0 acts on
R by conjugation permutation isomorphically to its action on V . So from the analysis above, we
then obtain [R, Op(G0)] = [R,G0] and [R, Op(G0), Op(G0)] = 1. So E := [R,G0]Op(G0)
is an elementary abelian subgroup of H of order qk .
Firstly, we show that E is a normal subgroup of G. Suppose for a moment that q 6= 2 and let
S be a Sylow s-subgroup of G0 for s a prime dividing q − 1. Since |G| = qk(k−1)(q − 1),
S ∈ Syls(G). It is easily computed that NG(S) = CG(S) and so by Burnside’s normal
complement theorem, there is normal complement to S in G. Intersecting these complements
for each s dividing q − 1 shows that Op(G) ∈ Sylp(G), which is also trivially true in the case
when q = 2. From the action of a p-group on a p-group we find that CR(Op(G)) 6= 1 and since
Op(G0) ≤ Op(G), CR(Op(G)) ≤ CR(Op(G0)) = [R,G0]. Furthermore as G0 acts irreducibly
on [R,G0] and normalizes CR(Op(G)), we obtain that CR(Op(G)) = [R,G0] is normalized
by G. Since NH0([R,G0]) leaves [V,G0] invariant, it also normalizes Op(CH0(V/[V,G0])) =
Op(G0). Then as R normalizes E , we obtain G ≤ RNH0([R,G0]) ≤ NH (E). Since G is
transitive on V , Op(G0) is not normal in G, but as G0 acts irreducibly on [R,G0], we have that
E = [R,G0]Op(G0) = 〈Op(G0)G〉 C G.
We now show that E = G(C) for some GF(q)-linear two-weight [qk−1, k]-code C . Let
W be a (subspace) complement of [V,G0] in V and let w1, . . . , wqk−1 be the elements of W .
Furthermore let α be an isomorphism of [V,G0] onto GF(q) regarded as a 1-dimensional vector
space over itself and let β be the isomorphism from R onto V such that vr = v + rβ for all
r ∈ R, v ∈ V . Then for each e = x f ∈ E with x ∈ [R,G0] and f ∈ Op(G0) we define
ce(w) := ([w, f ] + xβ)α
and
C := {ce | e ∈ E, ce = (ce(w1), . . . , ce(wqk−1))}.
Then it is easy to check that C is GF(q)-linear [qk−1, k]-code. It has two (non-trivial) weights
qk−1 and qk−2(q − 1) because for each e ∈ Op(G0), ce is a linear map from W onto [V,G0]
with a kernel of dimension k − 2. Since C has length qk−1 the corresponding projective
(qk−1, k, 0, qk−2)-set must be the complement of a hyperplane in PG(k − 1, q). 
We remark that in case (b) of Theorem 4 the group G is not uniquely determined. Indeed
given G0 such that dimGF(q)[V,G0] = 1, if R˜ is any regular subgroup of AGL(k, q) containing
[R,G0], then G = R˜G0 is a ({0, qk−1}, qk)-sharp group. For example in AGL(3, 2) with
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{v1, v2, v3} a basis of V = GF(2)3 let G be the subgroup generated by the following affine
transformations:
(v1, v2, v3) 7→ (v1 + 1, v1 + v2, v3) and
(v1, v2, v3) 7→ (v1, v2, v3 + av1 + bv2 + c), for a, b, c in GF(2).
There are also ({0, qk−1}, qk)-sharp groups which have an elementary abelian normal
subgroup corresponding to a GF(q)-linear code, but which are not isomorphic to a subgroup
of AGL(k, q). For example
G = 〈(1, 5)(2, 6), (1, 2, 3, 4, 5, 6, 7, 8)〉
is a ({0, 4}, 8)-sharp group with an elementary abelian normal subgroup of order 8, but G is not
isomorphic to a subgroup of AGL(3, 2) because AGL(3, 2) has no elements of order 8.
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